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ABSTRACT
Generic U(1)2 4-d black holes with unbroken N = 1 supersymmetry are shown to tend
to a Robinson-Bertotti type geometry with a linear dilaton and doubling of unbroken
supersymmetries near the horizon. Purely magnetic dilatonic black holes, which have
unbroken N = 2 supersymmetry, behave near the horizon as a 2-d linear dilaton
vacuum ⊗S2. This geometry is invariant under 8 supersymmetries, i.e. half of the
original N = 4 supersymmetries are unbroken. The supersymmetric positivity bound,
which requires the mass of the 4-d dilaton black holes to be greater than or equal to
the central charge, corresponds to positivity of mass for a class of stringy 2-d black
holes.
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1. The evaporation of stringy U(1)2 charged black holes [1], [2] may be understood as the
process of restoration of supersymmetry [3]. It is likely that the endpoints of the process of
evaporation for charged dilatonic black holes are stable remnants which are zero temperature
extreme black holes with some unbroken supersymmetry. Those black holes have the minimum
possible mass, M = 1√
2
(|Q| + |P |). It was shown in [3] that the extreme solutions saturate the
supersymmetry bound of N = 4, d = 4 supergravity, or dimensionally reduced superstring theory.
When both electric and magnetic charges are present, only one bound of N = 4 supersymmetry
is saturated and the corresponding solution has unbroken N = 1 supersymmetry. In the case of
only electric or only magnetic charges, i.e. just U(1) black holes, both supersymmetry bounds of
N = 4 supersymmetry are saturated and these black holes have unbroken N = 2 supersymmetry
[3].
Several properties of extreme dilatonic black holes were investigated in [3]. The purpose of
this paper is to investigate the properties of extreme supersymmetric stringy black holes in the
neighborhood of the horizon, to find what kind of a geometry they tend to and what happens with
unbroken supersymmetries in those geometries. We would also like to understand the relation
to 2-d dilatonic black holes and whether the investigations of the supersymmetry and of the
geometry near the horizon of the 4-d black hole may be an important factor for understanding
the late stages of evaporation of 2-d black holes.
We will start by describing the behavior of the familiar extreme Reissner-Nordstro¨m black
hole near the horizon [4], where the geometry becomes that of the Robinson-Bertotti solution
and has twice as many supersymmetries as the extreme black hole.
Then we will study properties of electric-magnetic dilaton black holes near the horizon. The
difference with the Reissner-Nordstro¨m black hole near the horizon will show up in the existence of
a non-constant dilaton, the linear dependence on the coordinate being proportional to the dilaton
charge. We will find, however, that the essential properties of the geometry at the horizon are
very close to those of the Robinson-Bertotti solution and also that doubling of supersymmetries
takes place.
The geometry near the horizon and the supersymmetry properties of purely magnetic extreme
black holes is the next topic to be studied. The fact that near the horizon these solutions form a
geometry which is the direct product of a 2-d linear dilaton vacuum and a 2-sphere of constant
curvature has been established before [5]. It was argued that, at scales where the 2-sphere radius,
which is proportional to the magnetic charge P , can be neglected, the black hole physics may
be described by a 2-d effective theory. This is one of the reasons for the recent interest in two-
dimensional black holes. It has also been established before [3] that the extreme magnetic dilaton
black hole has 8 unbroken parameters of N = 2 supersymmetry, i.e. one half of the original 16
parameters of N = 4. In this paper we analyze what happens with unbroken supersymmetries
of the extreme black hole at the horizon. We find that the solution (a direct product of the
2-d linear dilaton vacuum and a 2-sphere of constant curvature) has 8 unbroken parameters of
N = 2 supersymmetry, exactly as does the total geometry of the extreme black hole; there is no
doubling of the supersymmetries to the maximum possible N = 4. Finally, the relation between
the supersymmetric positivity boundM ≥ 1√
2
|P | in 4-d and positivity of mass in 2-d is exhibited.
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2. The extreme Reissner-Nordstro¨m black hole near the horizon has been investigated before
[4]. There are several properties of the extreme Reissner-No¨rdstrom black hole which make it
interesting. One is that it has zero temperature, so is stable to emission of Hawking radiation.
The extreme Reissner-Nordstro¨m configuration also possesses unbroken N = 1 supersymmetry
[6], [4] when viewed as a bosonic configuration of N = 2, d = 4 supergravity. A further property
is that near its horizon the extreme Reissner-Nordstro¨m geometry asymptotes to a Robinson-
Bertotti geometry, which is a maximally supersymmetric [4] (and homogeneous) configuration of
N = 2, d = 4 supergravity. To see this, consider the extreme Reissner-Nordstro¨m (RN) metric
in isotropic coordinates {xi}
ds2RN = V
2
RNdt
2 − V −2RNd~x2 , (1)
where |~x| = ρ and
V −1RN (ρ) = 1 +
M
ρ
. (2)
The Maxwell field is
FRN = ±dVRN ∧ dt , (3)
and M = |Q|. Near the horizon ρ→ 0, the function V −1RN → Mρ = V −1RB , i.e. the extreme Reissner-
Nordstro¨m metric tends to the Robinson-Bertotti (RB) metric there, and the Maxwell field tends
to that of the RB configuration:
ds2RB =
ρ2
M2
dt2 − M
2
ρ2
dρ2 −M2 dΩ2 , FRB = ± 1
M
dρ ∧ dt . (4)
Since the extreme Reissner-Nordstro¨m geometry admits N = 1 supersymmetry and the
Robinson-Bertotti geometry admits N = 2 supersymmetry, one may call this phenomenon “dou-
bling of supersymmetries near the black hole horizon”. To explain this doubling of supersymme-
tries, let us consider the supersymmetric transformation of the gravitino field strength [7],
δΨABCI = C
+
ABCDǫ
D+
I + C
−
ABCDǫ
D−
I . (5)
In eq.(5), 2-dimensional spinor notation is used. The supersymmetry parameters ǫ±I , I = 1, 2, are
defined in eqs. (37) of ref. [7], and C± are the following combinations of the Weyl (CABCD) and
Maxwell (FCD) spinors:
C±ABCD ≡ CABCD ±∇AB′ FCD V −1KB
′
B , (6)
where KB
′
B is the Killing vector. For the extreme Reissner-Nordstro¨m black hole, we have either
C+ABCD = 0 or C
−
ABCD = 0 (depending on the sign of the charge Q), which is a relation between
the Weyl spinor and the derivative of the Maxwell spinor. In the first case the unbroken N = 1
supersymmetry parameter of the extreme Reissner-Nordstro¨m black hole is ǫ+I , in the second
case it is ǫ−I .
Near the horizon, the Reissner-Nordstro¨m geometry becomes that of the Robinson-Bertotti
solution, which is conformally flat and has a covariantly constant Maxwell field,
CABCD = 0, ∇AB′ FCD = 0 . (7)
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Thus, both combinations of the Weyl and Maxwell spinors which enter the supersymmetry vari-
ation of the gravitino field strength (5) are vanishing in this geometry. This property ensures
that all 8 parameters (ǫ+I and ǫ
−
I ) of the original N = 2 supersymmetry are unbroken in the
Robinson-Bertotti background.
We see that the sign of the charge controls which supersymmetries are unbroken in the
Reissner-Nordstro¨m solution, but that no such phenomenon occurs for the Robinson-Bertotti
solution where all supersymmetries are unbroken due to the separate vanishing of both terms
making up the generalized Weyl curvatures C± in eq. (6).
Notice also that the extreme Reissner-Nordstro¨m metric is asymptotically Minkowskian, since
at infinity only the constant term in V −1RN survives. Minkowski space is also a maximally super-
symmetric geometry. Therefore, in some sense, the extreme RN solution may be thought of as a
soliton; it interpolates between two candidate vacua for N = 2, d = 4 supergravity [6].
A natural question now arises – how much of this behavior carries over to extreme dilaton
black holes ?
3. Doubling of supersymmetries near the horizon for extreme electric-magnetic dilaton black
holes will be explained in what follows.
The action we will use is the part of the SO(4) version of the N = 4, d = 4 supergravity
action without axion,
I =
1
16π
∫
d4x
√−g
[
−R + 2 ∂µφ · ∂µφ−
(
e−2φF µνFµν + e
2φG˜µνG˜µν
)]
, (8)
where G˜µν is related to the non-dually rotated field Gµν as follows
G˜µν =
i
2
1√−g e
−2φ ǫµνλδ Gλδ . (9)
All notation is that of [3]. For extreme supersymmetric dilatonic black holes, the fields are built
out of two functions H1 and H2 [3] :
ds2 = e2Udt2 − e−2Ud~x2 ,
A = ψdt , B˜ = χdt ,
F = dψ ∧ dt , G˜ = dχ ∧ dt ,
e−2U = H1H2 , e
2φ = H2/H1 ,√
2ψ = ±H−11 ,
√
2χ = ±H−12 , (10)
where the condition on the functions H1, H2 is that they be harmonic,
∂i∂iH1 = 0 , ∂i∂iH2 = 0 . (11)
4
We have used isotropic coordinates {xi}, where ρ2 = xixi and
H1 = e
−φ0(1 +
√
2|Q|
ρ
) , H2 = e
+φ0(1 +
√
2|P |
ρ
) . (12)
The mass M and dilaton charge Σ are related to the U(1) electric Q and magnetic P charges as
M =
|P |+ |Q|√
2
, Σ =
|P | − |Q|√
2
. (13)
It was shown in [3] that the bosonic background (10), (11) admits supercovariant Killing
spinors of N = 4, d = 4 supergravity, i.e. that there exist non-trivial solutions of the equations
δΨµI(ǫ) = δΛI(ǫ) = 0 , I = 1, 2, 3, 4, (14)
describing the supersymmetry variation of 4 gravitinos and 4 dilatinos in the background (10),
(11).
Specifically, there is always some unbroken N = 1 supersymmetry for PQ 6= 0 extreme black
holes (one quarter of N = 4 supersymmetry). For example, for P > 0, Q > 0 the unbroken N = 1
supersymmetry for the solution (10), (11) is one combination of third and fourth supersymmetry,
ǫ34+ , ǫ
+
34, in the notation of ref.[3], the first and the second being broken. The space-time dependence
of the Killing spinor in the canonical geometry (10) is given by ǫ = e
1
2
Uǫ0 where ǫ0 is a constant
spinor.
Consider the extreme PQ 6= 0 dilatonic black holes near the horizon, i.e. in the limit ρ→ 0.
The metric in (10) becomes
ds2 =
ρ2
(M2 − Σ2) dt
2 − (M
2 − Σ2)
ρ2
dρ2 − (M2 − Σ2) dΩ2 . (15)
This metric is precisely the Robinson-Bertotti metric (4) familiar from N = 2 supergravity [6].
The mass parameter of the Robinson-Bertotti metric is in this case
MRB =
√
M2 − Σ2 =
√
2|PQ| . (16)
The dilaton for these solutions behaves as
e2φ = e2φ0
∣∣∣∣∣PQ
∣∣∣∣∣
(
1−
√
2 Σ
M2RB
ρ+O(ρ2)
)
, (17)
so we see that the term linear in ρ is proportional to the dilaton charge Σ. The electric and
magnetic fields are given by
F = eφ0
1
2Q
dρ ∧ dt , G˜ = e−φ0 1
2P
dρ ∧ dt . (18)
5
Since the dilaton field has a term linear in ρ, we will call this solution a “Robinson-Bertotti
type” geometry.
Let us now see if, near the horizon, the extreme dilaton black holes with PQ 6= 0 possess any
additional supersymmetry and, if so, how the charges control which ones are unbroken.
First consider the dilatino transformations rules in the notation of [3],
1
2
δΛI = −γµǫI∂µφ+ 1√
2
σµν
(
e−φFµναIJ − eφG˜µνβIJ
)−
ǫJ = 0 , (19)
The first term in (19), (−γaeµa∂µφ), involves the flat space derivative of the dilaton, which vanishes
near the horizon ρ = 0
eµa∂µφ ∼ ρ→ 0 , (20)
where we used eqs. (17), (15). The second term in eq. (19) is proportional to
(
αIJ − sgn(PQ)βIJ
)
ǫJ , (21)
so we see that this time it is the sign of PQ that controls which combinations of supersymmetries
are broken (or unbroken).
For positive PQ, the term in brackets in front of ǫJ in (21) vanishes under the condition that
ǫ1 = ǫ2 = ǫ1 = ǫ2 = 0 , (22)
i.e. the first and second supersymmetries are broken, and there are no constraints on the third
and fourth supersymmetries. For negative PQ, the third and fourth supersymmetries are broken,
and the first and second supersymmetries are not,
ǫ3 = ǫ4 = ǫ3 = ǫ4 = 0 . (23)
The next step is to investigate whether there are additional constraints coming from the
supersymmetry transformation of the gravitino field strength. Consider first positive PQ. The
variation of the first and the second gravitino vanishes because of eqs. (22). The transformation
rules for the third and fourth gravitino field strength are similar to those of N = 2 supergravity as
given in eq. (5). Therefore there are indeed no additional constraints coming from δΨIµ. There
are several remarkable properties of the dilatonic black hole near the horizon making this N = 2
supersymmetry possible. The first is that the scalar curvature vanishes near the horizon,
R = 2gµν∂µφ · ∂νφ = 2grr(∂rφ)2 ∼ ρ2 → 0 , (24)
so that the Weyl spinor is identical to the Ricci spinor. The second is that the geometry is
of Robinson-Bertotti type, as noted above, so that the covariant derivatives of the vector fields
vanish and the Weyl spinor is zero. Finally, as shown in eq. (20), the flat space derivative of the
dilaton vanishes.
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Therefore, we have the following situation near the horizon: for positive PQ the unbroken
N = 2 supersymmetry consists of the third and the fourth ones, and for negative values of PQ
it is reverse: the first and the second supersymmetries are unbroken whereas the third and the
fourth are broken. Note that despite the doubling of unbroken supersymmetries near the horizon
the unbroken supersymmetry never becomes equal to the maximal possible one: only half of
the possible N = 4 supersymmetries are restored. This is different from the classical extreme
Reissner-Nordstro¨m solution which, near the horizon, restores maximal supersymmetry of this
theory, namely N = 2.
The difference with the classical extreme Reissner-Nordstro¨m solution near the horizon is also
that a nontrivial dilaton dependence on ρ exists and is proportional to the dilaton charge Σ, and
that the parameter M2RB in the Robinson-Bertotti type geometry is not the square of the mass
of the extreme black hole but the difference M2 −Σ2. It is exactly this parameter in front of the
angular part of the RB metric in eqs. (4) and (15) which defines the area of the horizon of RN and
dilaton black holes. It is this parameter which is never zero for the non-trivial classical extreme
black hole, but becomes zero for dilatonic extreme black holes when M2 = Σ2 . This happens
in the limit when either the electric or magnetic charge vanishes. Such extreme black holes have
unbroken N = 2 supersymmetry [3] and their geometry near the horizon is very different from
the one described above where the limit to the horizon is taken with both electric and magnetic
charges present.
4. Here we will consider the purely magnetic U(1) dilatonic black holes. The electric case in
the canonical metric may be obtained trivially from it by the replacements P → Q and φ→ −φ.
The magnetic black hole in the stringy metric turns out to have more interesting properties than
the purely electric one [2], [3]. We use again the construction given in equations (10), (11). As
explained above, this ansatz solves both the N = 4 supergravity equation of motion and the
supersymmetry equations (14), leaving N = 2 supersymmetry unbroken. For purely magnetic
extreme black holes we have in isotropic coordinates
H1 = e
−φ0 , H2 = e
+φ0(1 +
√
2|P |
ρ
) . (25)
The mass M and dilaton charge Σ are related to the magnetic charge P as follows:
M = Σ =
|P |√
2
. (26)
The metric for the extreme magnetic dilaton black hole already possesses N = 2 supersymmetry
when viewed as a bosonic solution of N = 4, d = 4 supergravity [3]. However, as can be checked,
going to the horizon does not result in additional supersymmetries. The geometry near the
horizon just keeps all 8 unbroken supersymmetries of the black hole. To see this, let us consider
the limit to the horizon of the extreme purely magnetic black hole. This limit has been studied
before in [5]. However, we will investigate this limit by using our construction (10), (11), which
automatically solves the Killing equations for the unbroken supersymmetry.
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The metric has different behavior to that of the black holes of the previous section due to the
fact that now PQ = 0. The most important difference is the fact that g−1tt =gρρ is linear in ρ
−1
rather then quadratic, as was the case for classical extreme Reissner-Nordstro¨m metric near the
horizon and the PQ 6= 0 dilatonic extreme black holes considered above. In addition, the dilaton
behaves differently. The metric, dilaton and vector fields near the horizon are:
ds2 =
ρ√
2|P |dt
2 −
√
2|P |
ρ
(dρ2 + ρ2dΩ2) (27)
=
ρ√
2|P |
[
dt2 − 2P
2
ρ2
(dρ2 + ρ2dΩ2)
]
, (28)
e2φ = e2φ0
√
2|P |
ρ
, (29)
G = P e2φ0 sin θ dθ ∧ dφ . (30)
Now let us make a change of variables
w = −
√
2P lnρ , (31)
so that the metric becomes
ds2 =
1√
2|P |exp (
−w√
2P
)
[
dt2 − dw2 − 2P 2dΩ2
]
, (32)
and the dilaton becomes
φ = φ0 +
1
2
ln(
√
2|P |) + w
2
√
2P
, (33)
or
e2φ =
√
2|P | e2φ0 exp( w√
2P
) . (34)
Going to the stringy metric via the transformation ds2str = e
2φds2, we obtain
ds2str = dt
2 − dw2 − 2P 2dΩ2 , (35)
which is the direct product of a flat 2-d Minkowskian metric in the coordinates (t, w) and a
transverse space of constant curvature (1/
√
2P 2). In these coordinates we see that the dilaton is
linear. This is a well-known result in the context of 2-d “dilaton gravity” [5], [8].
The fact that the direct product of the linear dilaton vacuum and a sphere of a constant
curvature has 8 unbroken supersymmetries follows simply from the fact that this is a specific
example of the construction (10), (11), which has been proved [3] to have unbroken N = 2 , d =
4 supersymmetry. For positive P the unbroken supersymmetries are given by the 8 specific
combinations [3] ǫ34+ , ǫ
+
34, ǫ
12
− , ǫ
−
12 of the original 16 supersymmetries, the other 8 are broken. For
negative P those which were broken become unbroken and vice versa.
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Let us see why there is no doubling of supersymmetries near the horizon this time, as different
from the previous cases. Consider again the dilatino transformation rules (19). Now that the
metric behaves differently at the horizon, there is a contribution from the first term as well as
from the vector field. The sum of those two contributions vanishes under the condition that
half of the supersymmetries are broken. The unbroken supersymmetries are listed above: going
near the horizon does not change the number of unbroken supersymmetries of the extreme purely
magnetic (or electric) dilatonic black hole.
As argued in [5] the evaporation of or scattering by purely magnetic 4-d black holes near
extremality is closely related to the analogous processes for 2-d black holes. It can be shown that
the relation between the masses of the 2-d and 4-d black holes is
M2d ∼ M4d − |z||z| , (36)
where the two central charges of N = 4 supersymmetry are defined in [3] to be |z1| = |z2| = |z| =
|P |/√2. The supersymmetry bound for 4-d dilaton black holes derived in [3],
M4d − |z| ≥ 0 , (37)
thus ensures that the mass of the 2-d black holes is non-negative,
M2d ≥ 0 . (38)
The saturation of the bound in 4-d takes place when the mass reaches the value of the central
charge, M4d = |z|, N = 2 supersymmetry becomes restored and the evaporation stops. In 2-d
this corresponds to total evaporation of the black hole M2d = 0, i.e. to the linear dilaton vacuum.
Thus we conclude that stringy 2-d black holes, which are related to 4-d black holes as in eqs.
(36) - (38), may have better control over quantum corrections and stability of the extreme solution
due to the existence of 8 unbroken supersymmetries and the corresponding non-renormalization
theorems [3]. However, the role of an additional 2-sphere of a radius 2|z|, which is required in the
geometry (35), (33) to keep supersymmetry unbroken, is still to be understood. In particular,
a supersymmetric embedding of 2-d dilaton gravity may be looked for, which has the linear
dilaton vacuum with flat two-dimensional metric as the solution with unbroken supersymmetry
[9]. This supersymmetry will take place in a purely two-dimensional theory without an additional
2-sphere. This kind of supersymmetry may provide constraints on the quantum theory in d = 2
and be useful in the context of a two-dimensional toy model of quantum gravity. However, if one
considers investigation of 2-d black holes as a way to get insight into a more complicated (but more
realistic) theory of 4-d black holes, one should remember that physics of the 4-dimensional black
holes near the horizon is effectively two-dimensional and described by 2-d effective Lagrangian
only in the low energy limit. It is not clear whether 2-d black holes may have all 8 supersymmetries
possessed by 4-d black holes near the horizon. Therefore the problem of stable remnants may
have quite different solutions, depending on whether the geometry is purely two-dimensional or
four-dimensional.
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